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1. Introduction 



One of the important results in differential geometry is the Riemannian positive mass theorem 
(PMT): Any asymptotically flat Riemannian manifold A4 n with a suitable decay order and with 
nonnegative scalar curvature has nonnegative ADM mass. This theorem was proved by Schoen 
and Yau [50J for manifolds of dimension n < 7 using a minimal hypersurface argument and 
by Witten |57| for any spin manifold. See also |44j . For locally conformally flat manifolds the 
proof was given in [51] using the developing map. Very recently, the PMT was proved for all 
asymptotically flat Riemannian manifold A4 n which are represented by a graph in M n+1 by Lam 
[35j . For general higher dimensional manifolds, the proof of the positive mass theorem was 
announced by Lohkamp |40| by an argument extending the minimal hypersurface argument of 
Schoen and Yau and by Schoen in [49]. There are many generalizations of the positive mass 
theorem. For example, a refinement of the PMT, the Riemannian Penrose inequality is proved 
by Huisken-Ilmanen [33] and Bray [3] for n = 3 and by Bray and Lee [3] for n < 7. See the 
excellent surveys on the Riemannian Penrose inequality of Bray [5] and Mars |42] . 

The ADM mass was introduced by Arnowitt, Deser, and Misner [1] for asymptotically flat 
Riemannian manifolds. A complete manifold (A4 n ,g) is said to be an asymptotically flat(AF) of 
order r (with one end) if there is a compact K such that Ai \ K is diffeomorphic to R n \ Br(0) 
for some R > and in the standard coordinates in M n , the metric g has the following expansion 

9ij — "ij ~t~ ®ij 

with 

|<jy| +r\daij\ +r 2 \d 2 aij\ = 0(r~ r ), 

where r and d denote the Euclidean distance and the standard derivative operator on R n re- 
spectively. The ADM mass is defined by 

(1.1) mi{g) ■= rnADM ■= 7Tt 7\ lim / (9ij,i ~ gu,j)njdS, 

2(n - l)w„_i r^oo J Sr 

where uj n -i is the volume of (n — l)-dimensional standard unit sphere and S r is the Euclidean 
coordinate sphere, dS is the volume element on S r induced by the Euclidean metric, n is the 
outward unit normal to S r in R n and the derivative is the ordinary partial derivative. 

In a seminal paper Bartnik [2] proved that the ADM mass is well-defined for asymptotically 
flat Riemannian manifolds with a suitable decay order r and it is a geometric invariant. Precisely, 
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it does not depend on the choice of the coordinates, provided 

/ s n-2 
(1-2) r>— . 

With this restriction, the ADM mass cannot be defined for many other interesting asymptotically 
flat Riemannian manifolds. For example, the following metric 

(1.3) fS,= (i-|^)"* 2 + r w=(i + ^ " 

plays an important role as the Schwarzschild metric in the (pure) Gauss-Bonnet gravity [12]. Its 
decay order is — which is smaller than Here dQ 2 is the standard metric on § n_1 . For 
the discussion of this metric and more general Schwarzschild type metrics, see Section 6 below. 

It is well-known that the ADM mass is very closely related to the scalar curvature. In fact, 
on an asymptotically flat manifold with decay order r, the scalar curvature has the following 
expression [48] 

R{<9) = dj{9ij,i ~ 9ii,j) + 0(r~ 2T ~ 2 ). 
From this expression one can check that 



lim / (g ijti - g U j)njdS 



is well defined, provide that r > and R is integrable. This term gives the ADM mass 
after a normalization. From this interpretation one can easily see the mathematical meaning of 
the ADM mass. This also motivates us to introduce a new mass by using the following second 
Gauss-Bonnet curvature^ 

L 2 = R^ P aR^ pa ~ W^RT + R 2 = \W\ 2 + 8(n - 2)(n - 3)a 2 , 

where W is the Weyl tensor and a 2 is the so-called 02-scalar curvature. More discussion about 
the Gauss-Bonnet curvature and the 02-scalar curvature will be given in the next section. In 
this paper we use the Einstein summation convention. 

Definition 1.1 (Gauss-Bonnet-Chern Mass). Let n > 5. Suppose (Ai n ,g) is an asymptotically 
flat manifold of decay order 

(1.4) r>!i J l, 

and the second Gauss-Bonnet curvature given by L2 = RijkiR 1 ^ 1 — ^RijRij + R 2 is integrable in 
(Ai n ,g). We define the Gauss-Bonnet-Chern mass-energy by 

(1.5) m 2 (g) := m GBC (g) = c 2 (n) lim / P ijkl dig jk nidS, 

where co(n) = 777 — ttt — — 51 , n is the outward unit normal to S r , dS is the area element 

z ^ / 2(n— l)(n— 2)(n— 3)aj n _i ' " 

of S r and the tensor P is defined 

pijkl = pijkl + pjk g il _ pjl g ik _ pik g jl + pil g jk + l R (gik g jl _ gilgrty 



^The second named author would like to thank Professor Schoen for his suggestion to use this way to define a 
mass by using the crfe-curvature (k > 2) in Toronto in 2005. 
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We remark that when n = 4 one can also define the mass, but in this case (i.e., n = 4) 777,2 
always vanishes. See also the discussion in Section 7. In fact one easily check that 777,2 vanishes 
for asymptotically flat manifolds of decay decay order larger than Hence the ordinary 

Schwarzschild metric 

considered in the Einstein gravity have a vanishing GBC mass whenever it can be defined, for 
it has a decay order r = n — 2 > ^if— • For the metric given in (jl.3p one can check that the 
Gauss-Bonnet mass 7712(5) = m2 > which is positive. See Section 6 below. 

Our work is partly motivated by the study of the 02-curvature and partly by the study of 
Einstein-Gauss-Bonnet gravity, in which there is a similar mass defined for the Gauss-Bonnet 

(1.6) R + A + aL 2 , 

where A is the cosmological constant and a is a parameter. In contrast, if one considers only 
the term L2, it is called the pure Gauss-Bonnet, or pure Lovelock gravity in physics. The study 
of Einstein-Gauss-Bonnet gravity was initiated by the work of Boulware, Deser, Wheeler [6], 
|56j . A mass for (|1.6p was introduced by Deser- Tekin [23] and [23]. See also |21j.|43j.|ll] and 
especially [12] and references therein. 

Similar to the work of Bartink for the ADM mass we first show that the GBC mass 7712 is a 
geometric invariant in the following 

Theorem 1.2. Suppose (M n ,g)(n > 5) is an asymptotically flat manifold of decay order r > 
and the second Gauss-Bonnet curvature L2 is integrable in (M n ,g), then the Gauss-Bonnet- 
Chern mass 771-2 is well-defined and does not depend the choice of the asymptotical coordinates 
used in the definition. 

Now it is a natural question to ask: 

Is the GBC mass 777,2 nonegative when the Gauss-Bonnet curvature L2 is nonnegative? 

Due to the lack of methods, we can not yet attack this question for a general asymptotically 
flat manifold. Instead, we leave this question as a conjecture and provide a strong support in 
the following result. Precisely, the problem has an affirmative answer, if the asymptotically flat 
manifold Ai n can be embedded in R n+1 as a graph over R n . 

Definition 1.3. Let f : M. n — >• K be a smooth function and let fi, fij and fijk denote the first, 
the second and the third derivative of f . f is called asymptotically flat of order r if 

f t (x) = 0(\x\-^ 2 ), 
\x\\f ij (x)\ + \x\ 2 \f ljk (x)\=0(\x\-^ 2 ) 

at infinity for some r > (n — 4)/3. 
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Theorem 1.4 (Positve Mass Theorem). Let (A4 n ,g) = (R n , 5+df ®df) be the graph of a smooth 
asymptotically flat function f : 1" — > R. Let L 2 = RijkiR 1 ^ 1 — ARijR^ + R 2 be the Gauss-Bonnet 
curvature with respect to g and m,2 be the corresponding mass defined in the definition li.il Then 

1 f , 1 



mo = — — — : / Lo • — — dV 

4(n-l)(n-2)(n-3K-ii^ \A + l v */l 2 9 

Particularly, L2 > yields ni2 > 0. 

For the more details see Section 4 below. This result is motivated by the recent work of Lam 
mentioned above. See also the work in [32], [18] and [19]. 



Remark 1.5. In this paper, for simplicity we focus on the mass defined by the second Gauss- 
Bonnet curvature. From the proof one can easily generalize the results to the mass defined by 
the generalized Gauss-Bonnet curvature 

T, - J_s*li2-'hk-li2k T>. .3132...T}. . hk-l32k 
±Jk ~ 2 k h32-32k-l32k ^l* 2 / H2fc-l»2fc 

by \2. 1\) and (7.1) with k < n/2. See the discussion in Section 7. 

More interesting is that we have a Penrose type inequality, at least for the graphs. 

Theorem 1.6 (Penrose Inequality). Let Q be a bounded open set in R™ and £ = d£l. If f : 

R n \ f2 — > R is a smooth asymptotically flat function such that each connected component of 
/(£) is in a level set of f and |V/(ic)| — > 00 as x — > £. Let f2j be connected components of 
O,, i = 1, • • • , k and let Sj = d£l i and assume that each f2j is convex, then 

1 u k R 



1 — 9 /1 i K77T2 9 ^ A 



> 



C2(n) 


J 


L 2 


2 




Vi + iv/l 2 




J 




2 




Vi + iv/l 2 


C2(n) 


J 


L 2 


2 




Vi + iv/l 2 


C2(n) 


J 




2 




Vi + iv/l 2 



4 \(n- l)(n - 2)w n _i 



n — 4 
n — 3 



k 



4\(n-l)u) n 

> — / , L ' 2 dv g + y l - 

9 / . .„ . /1 1 IV7fl2 9 /-^ A 



n-4, 

1 / IE,- 1 \ ~ 



i=l 
k 



4 \u n -i 
i=i ^ 



n — 4 

1 £ 



n — 4 

n — 2 



4 \w n _i 



In particular, L2 > yields 



If LR \ 1 

W-2 — T I 7 ,w ^ > 



n—4 n—4 
n-1 



4 \(n - l)(n - 2)u n -xJ 4 \w n _i 

Moreover, the equalities are achieved by the metric M.3X ) 

Our Penrose inequalities are optimal since one can check that equality in the Penrose inequal- 
ity is achieved by the metrics (j 1 . 3 f) . Also as illustrated in the Remark 16.51 the metric (jl.3p can 
be realized as the induced metric of a graph. 
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Our results open many interesting questions and establish a natural relationship between many 
interesting functionals of intrinsic curvatures and extrinsic curvatures, which we will discuss at 
the end of this paper. 

The rest of the paper is organized as follows. In Section 2 we recall the definitions of the 
Gauss-Bonnet curvature and the Lovelock curvature. The new mass is defined and proved being 
a geometric invariant in Section 3. In Section 4 we show that the new mass is nonnegative if the 
Gauss-Bonnet curvature is nonnegative for graphs. The Penrose type inequality will be proved 
in Section 5. In Section 6, we will discuss the metric (|1.3p . which is an important example and 
compute its Gauss-Bonnet mass explicitly. Further generalizations, problems and conjectures 
are discussed in Section 7. 



2. Lovelock curvatures 
In this section, let us recall the work of Lovelock [37J on generalized Einstein tensors. Let 



E 



Ric Rq 

2 y 



be the Einstein tensor. The Einstein tensor is very important in physics, and certainly also in 
mathematics. It admits an important property, namely it is a conversed quantity, i.e., 



E 



3,1 



0. 



In this paper we use the summation convention. In [37J Lovelock studied the classification of 
tensors A satisfying 

(i) A %3 = A 3 '\ i.e., A is symmetric; 

(ii) A lj = A lj (g A B,gAB,c,gAB,CD); 



(iii) A %3 -j = 0, ie. A is divergence- free; 



(iv) A %3 is linear in the second derivatives of gAB- 

It is clear that the Einstein tensor satisfies all the conditions. In fact, the Einstein tensor is the 
unique tensor satisfying all four conditions, up to a multiple constant. Lovelock classified all 
2-tensors satisfying (i)-(iii). He proved that any 2-tensor satisfying (i)— (iii) has the form 



with certain constants otj, j > 0, where the 2-tensor E^ is defined by 



1 



mi«2-"i2fc-l*2fc jj j 1 j 2 



Here the generalized Kronecker delta is defined by 



X3l32-3r 



det 



611 



5 J2 



D. . 32k-l32k 



5 n 
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As a convention we set E^ = 1. It is clear to see that E^ 1 ' is the Einstein tensor. The tensor 
E^ k \j is a very natural generalization of the Einstein tensor. We call E^ the k—th Lovelock 
curvature and its trace 

O -\\ t , — J_ r*i«2---«2fc-i*2fc r>. . hh . . . d. . hk-ihk 

the k-th Gauss-Bonnet curvature, or simply the Gauss-Bonnet curvature. Both have been in- 
tensively studied in the Gauss-Bonnet gravity, which is a generalization of the Einstein gravity. 
One could check that = if 2k > n. When 2k = n, is in fact the Euler density, which 
was studied by Chern [9j [10] in his proof of the Gauss-Bonnet-Chern theorem. See also a nice 
survey [58] on the proof of the Gauss-Bonnet-Chern theorem. For k < n/2, L/% is therefore called 
the dimensional continued Euler density in physics. The above curvatures have been studied by 
many mathematicians and physicists, see for instance Pattersen [45] and Labbi |34j . 

In this paper we focus on the case k = 2. The results can be generalized to k < n/2. For the 
discussion see Section 7. One can also check that 



and 



L 2 = \sl^ 4 R^\ i2 R^\ i4 = R^upoR^ 1 " 7 - W^BT + R 2 . 

L2 is called the Gauss-Bonnet term in physics. A direct computation gives the relation of L 2 
with 02-scalar curvature and the Weyl tensor 

L2 _ l^-4^||^ + (n ^- 3 > 2) ^ 

n — 2 \n — 1 
= \W\ 2 + 8(n - 2)(n - 3)a 2 . 

Here the ovscalar curvature a 2 has been intensively studied in the ovYamabe problem, which is 
first studied by Viaclovsky and Chang-Gursky-Yang. For the study of the a^- Yamabe problem, 
see for example the survey of Guan [26J and Viaclovsky [54J. 

As a generalization of the Einstein metric, the solution of the following equation is called 
(string-inspired) Einstein-Gauss-Bonnet metric 

was already given by Lanczos [36] in 1938 and is called the Lanczos tensor. If g is such a 
metric, it is clear that 

A = VifJ = 1^L 2 = ^=r(8(n - 2)(n - 3)a 2 (g) + \Wf 

Since E^ is divergence free, A must be constant in this case. This is a Schur type result. An 
almost Schur lemma for E^ was proved in [30], which generalizes a result of Andrews, De 
Lellis-Topping [22]. 
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3. The Gauss-Bonnet-Chern Mass 

In this section, we will introduce a new mass by using the Gauss-Bonnet curvature for asymp- 
totically flat manifolds. This would be compared with the ADM mass which can be defined from 
the scalar curvature as told in the introduction. Moreover, following the approach from [2].|41j. 
we are able to show that this new defined mass is geometrical invariant, i.e. it does not depend 
on the choice of asymptotic coordinates at infinity. Recall for a complete Riemannian manifold 
(At, g), the Gauss-Bonnet curvature is given by 

L 2 = Ri jk iR l3kl - l /.',, /."' + R 2 . 

One ingredient to the main theorems in this section is the observation that the Gauss-Bonnet 
curvature has the following decomposition 

L2 = RijkiP^ M , 

where 

(3.1) P ijkl = R ijkl + R jk g il - R jl g ik - R ik g jl + R il g jk + ^R(g ik g jl - g il g jk ). 

This decomposition of L 2 will play a crucial role in the following discussion. It is very easy to see 
that this (0, 4) tensor P has the same symmetric property as the Riemannian curvature tensor, 
precisely, 

2^ pijkl pjikl pijlk pklij 

Also one can easily check that P satisfies the first Bianchi identity. Another key ingredient is 
to note that P is divergence-free. Before we discuss further, let us clarify the convention for 
Riemannian curvature first: 

Rijkl = Rijldmk, Rik = g^Rijkl = R 3 jiki 
R ijk m = R ljkS 9ms, /."'//" = R ljSm 9ks. 

Lemma 3.1. 

y .pijkl = v .pijkl _ Vk pijkl _ Vl pijkl = Q 

Proof. This lemma follows directly from the differential Bianchi identity. 

V . pijkl = _ V k R ijl _ v l R ijk + v l R jk _ v k R jl 

- l -V k Rgi l + l -V l Rg> k + ±ViR(gV - g d g 3k ) 

= V k R jl - VR jk + V l R jk - V k R jl - ^V k Rg jl + ^V l Rg jk 

+^V k Rg jl - ^V l Rg jk 
= 0. 

The rest follows from the symmetry property (|3.2p of P. □ 
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This divergence- free property of P was observed already in physic's literature, see for instance 
|17j . In view of Lemma 13 .14 we are able to derive the corresponding expression of the mass-energy 
in the Einstein Gauss-Bonnet gravity. We observe that for the asymptotically flat manifolds, the 
Gauss-Bonnet curvature can be expressed as a divergence term beside some terms with faster 
decay. First, in the local coordinates, the curvature tensor is expressed as 

n ijk — °i L jk ~ °j L ik t 1 is L jk ~ 1 js L ik- 

Then by the divergence-free property of P and the fact that the quadratic terms of Christoffel 
symbols has faster decay, we compute 



ki 



RijkiP lJ 

dkmidi^Jl 
9k ^ 



9ki 



r>m ryiikl 
i K ijlP 

jkl 



1 



V; 



Q. T m^kl + G(r 
(9jk,l + 9kl,j — 9jl,k)P^ kl 



-4-3t\ 



0(r- 4 " 3T ) 

(9ik,l + 9kL: 



9u,k)P ij 



ki 



+ 0(r 



2VAg jktl P^ kl )+0{r 



-4-3r^ 



(3.3) 



2di[g jk>l PV kl )+0( 



-4-3r 



), 



where the fifth equality follows from f|3. 2 [) . 



With this divergence expression of L2, one can check that the limit 



lim / P ijkl d igjk nidS r 

exists and is finite provided that L2 is integrable and the decay order r > and hence we 
have: 

Theorem 3.2. Suppose (Ai n ,g)(n > 5) is an asymptotically flat manifold with decay order 

jkl 



RijkiR 1 — ^RijRij + R is integrable in 



t > r± ^- and the Gauss-Bonnet curvature L2 
(A4 n ,g), then the mass m2{g) defined in Definition \l.l\ is well-defined. 

We call 771,2 the Gauss-Bonnet-Chern mass, or just the GBC mass. The definition of the 
Gauss-Bonnet mass involves the choice of asymptotic coordinates. So it is natural to ask if it 
is a geometric invariant which does not depend on the choices of asymptotic coordinates as the 
ADM mass. We have an affirmative answer. 

Theorem 3.3. // (Ai n ,g) is asymptotically flat of order r > , then 7772(5) depends only on 
the metric g. 

Proof. The argument follows closely the one given by Bartink in the proof of ADM mass [2]. 
See also [H]. The key is to realize that when changing the asymptotic coordinates, some extra 
terms which do not decay fast enough to have vanishing integral can be gathered in a divergence, 
thus its integral over any closed hypersurface vanishes. The first step is the same as observed in 
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[2].|41|. For the convenience of readers, we sketch it. 

Step 1. Suppose {x 1 } and {x 1 } are the two choices of asymptotic coordinates on Ai \ K. In 
view of |2j, after composing with an Euclidean motion, we may assume 

x* = x* + <p\ where G C^ T 

for some < a < 1. For the definition of these weighted spaces, please refer to [21 HI] for the 
details. Then the radial distance functions r = \x\ and f = |x| are related by 

C~V < r < Cr, with some constant C > 0. 

Let {Sr : r = R} and {Sr : f = R} be two spheres and Ar : C _1 i? < f < CR an annulus. The 
divergence theorem yields 



/ PV kl d igjk nidS - [ P i]kl dig ]kni dS 



< 


1 1 




Ja r 



di(P ljkl dig jk )\dx. 



Due to (|3.3p together with the assumption that L2 is integrable and r > -^3—, the integral 



/ \di(P^ kl d m 

J An 



\dx — > as R — > 00. 



Therefore we can replace Sr by Sr in the definition of rri2(g) without changing the mass. 
Step 2. Denote = = gij = g(di,dj) and gij = g(di,dj), then we have 

Bi = di-dw s d s + 0{r- T ), 
9ij = 9ij ~ dufP - djip 1 + 0(r~ 2r ), 
(3.4) dkfjij = d k gij - dkdiifJ - d k djip l + 0(r~ 1 - 2T ). 



We compute 



I P ijkl (d l9jk - d l9jk ) ni dS + f (P^ kl - P^dtg^mdS 
I + 11. 
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In view of Lemma 13.11 together with (|3.2[) and (|3.4p , we compute 

/ / P ijkl (did j( p k + 8^)71^8 + 0(r- 3 - 3T ) 
P ijk \did^ k )nidS + 0(r- 3 " 3r ) 



P ljkl (djdi^)nidS + 0{r 



-3-3-n 



d j (P ijkl (diip k )n i )dS + 0(r- 3 - 3r ) 
[dj - (n,d j )n}{P ilM (d l( p k )n i )dS+ I (n^X^t^^ijdS + 0(r 



-3-3-n 



where the fourth equality follows from (|3.2p and n(f) = -§^f ■ The first integral in I vanishes 
from the divergence theorem. We will show that the second integral decays fast and vanishes as 
r approaching infinity. 

Since on the coordinate sphere S r , the outward unit normal induced by the Euclidean metric 
n ~ n% ~§x} = we thus have 



x" 
r 



By Lemma 13.11 and (|3.3[) . we derive 

n j nt ^- t ( pljM ( d ^ k ) n i) dS 



x l x 3 x t 



P ijkl (d t d l ip k )n i dS+ f n j n t P i ^ kl (d l ip k )-^(n i )dS + I 0( r - 3 ~ 3T )dS 

p ljkl (d t d l <p k )ds + 



^pW( dl ^$u_^ dS+ I ( r -^r )dS 



I 0(r- 3 - 3T )dS. 

JSr 



Hence we obtain 



1= f 0(r- 3 - 3r )dS. 



For the second term II, we calculate 



II 



(P ljkl -P ,3 * l )d l g jk n i + 0(r- s -» r ) 



jki 



dS, 
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and 



pijki_pijki = Pw-Piju + Oir- 2 -*) 



= (R k jt - i?*j 7 ) + (R jk - Rj k )gu - (Rji - Rji)gik - (Rik - Rik)gji 



+{R a - Ru)g jk + ^(R - R){gi k gji - gugjk) + 0{r 2 2r ). 

From the expression of the curvature tensor and the Ricci tensor in local coordinates 



1 

2< 

1 



R iji = —^{didk9ji-didigj k -djd k gu + djdig ik ) + 0{r 2 2r ), 



R jk = ^(didk9ji-didi9jk-djd k gii + djdigik) + 0(r 2 2r ), 



and the difference 



dk9ij = d k gij - dAifP - d k djtp l + 0(r 



-l-2r\ 



we have 



R%i ~ Riji = ~ \ [didkdjif 1 + didkW - dAdjtp* - dAdk^ - fyd^ 1 

-dfikdrf + djdA^ + dfrW] + 0{r- 2 - 2T ) 

= 0(r- 2 - 2r ). 



Similarly we have 



Thus we obtain 



R jk - R jk = 0(r~ 2 - 2T ). 



Combining the two things together, we obtain 



11= f 0(r~ 3 ~ 3r )dS. 

J Sr 



I {P^ kl d l g jk -P^ kl d l g ]k )n l dS = I + II= ! 0(r~ 3 - 3T )dS, 
which implies that 

lim / (P ijkl d l9jk - P^ kl dig 3k ) ni dS = 0, 
when r > Therefore we conclude m(g) = m(g) and finish the proof. □ 



r^oo j g 

n— 4 



For the Euclidean metric, the GBC mass 777,2 is trivially zero. Examples with non-vanishing 
GBC mass will be given in Section 6 later. 
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4. Positive mass theorem in the graph case 

In this section, we investigate the special case that asymptotically flat manifolds are given 
as graphs of asymptotically constant functions over Euclidean space M ra . As in the Riemannian 
positive mass theorem studied by Lam [[35], for the new defined Gauss-Bonnet mass, we can 
show that the corresponding Riemannian positive mass holds for graphs when the Gauss-Bonnet 
curvature replaces the scalar curvature in all dimensions n > 5. 

Following the notation in [35], suppose (Ai n , g) = (W 1 , S + df df) be the graph of a smooth 
asymptotically flat function / : lR n — > M which is as defined in the definition 11.31 Then 



9ij — "ij ~l~ fifji 

and the inverse of gij is 



!l' J = " — ^ 



fifj 

i+iv/r 



where the norm and the derivative V/ are taken with respect to the flat metric 5. It is clear 
that such a graph is an asymptotically flat manifold of order r in the sense of Definition 11.11 



The Christoffel symbols T^- with respect to the metric g and its derivatives can be computed as 



follows: 



(4.i) rf - ■ s,j]l 



1 + |V/| 2 ' 



pfe fijlfk "t" fijfkl ^fijfkfsfls 



ij > 1 1 + |V/| 2 (1 + |V/P)2- 

The expression for the curvature tensor follows directly. For the convenience of the reader, we 
compute in the following lemma. 

Lemma 4.1. 

p _ fikfjl filfjk 
«ijkl ~ 1 + | V/ |2 • 

Proof. We begin with the (1, 3)-type curvature tensor: 

Til t"i/ "pZ I "pZ t-is "p/ 

^ijk jk,i ik ,j ' is*- jk js ik 

fjkifl + fjkfli ^fjkflfisfs fijkfl + fikflj 

i + iv/i 2 "(l + iv/i 2 ) 2 " r+Tv7p 

2>fikflfjsfs fisfjkflfs fjsfikflfs 

"I '. I t — 7 /» I O \ O "T 



(1 + |V/| 2 ) 2 (1 + |V/| 2 ) 2 

filfjk fikfjl {fikfjs fjkfis)fsfl 

1 + |V/| 2 (1 + |V/| 2 ) 2 ' 
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Then we have 



Rijkl — Rijldk 



/fimfjl filfjm (.filfjs } jlfis) j sfm\ / <■ . » n \ 
V 1 + |V/| 2 (1 + |V/| 2 ) 2 M" mfc + JmJk) 

fikfjl filfjk {.fimfjl filfjm)fmfk {filfjs f jlfis) fsfk 

1 + |V/| 2 1 + |V/| 2 + 1 + |V/| 2 

fikfjl filfjk 

i + iv/l 2 ■ 



□ 



Remark 4.2. T/izs proof use the intrinsic definition of the curvature tensor. One can also 
calculate it from the Gauss formula via the extrinsic geometry. 

The divergence-free property of P enables us to express the Gauss-Bonnet curvature L 2 as a 
divergence term. This is a key ingredient to show the corresponding positive mass theorem for 
the GBC mass in the graph case. 

Lemma 4.3. 

Proof. 

di(P ijkl d Wjk ) = <hl"^<h fll , + P ijkl d i d Wjk . 
We begin with the first term. Here it is important to use Lemma 13. II to eliminate the terms of 
derivative of / of order three. In view of (13, 2j) . we compute 



(diPV H )d igj 

(y.pijkl _ psjkl^ _ pisklp^ _ pijsl T k s _ pVks T l^ dig , 



k 



k 



I psjkl fisfi , piskl fisfj , pijsl fisfk pijks fisfl \ , „ „ , „ n 

V 1 + |V/|2 + ^ 1 + |V/|2 + ^ 1 + |V/|2 + ^ 1 + \ V f\2)Wk+jMW 



[psjkl J_ 
L 1 



fisfjlfifk _|_ pijsl fisfjl\^ f\ + fisfklfkfj ^pijksf^fjlfkfl^fisfklfjfl- 



+ |v/| 2 1 + lv/i 2 1 + lv/i 2 

pijkl 



■ [ifisfjl + filfjs) fkfs + (fikfsl + filfks)fjfs + I ^ f\ 2 fikfjl 
1 + | V/ | 2J , re / 3 7 



1 + lv/i 2 
IWI 2 f f pijki 

ijikljl* 1 



where we have relabeled the indices in the fourth equality and used the property (|3.2p in the 
third and fifth equality. 

The second term is also simplified by ()3.2j) . 

P ijkl did igjk = P^dAifjfk) 

= P tjH ■ (fijlfk + fiklfj + fikfjl + fijfkl) 

= P ijkl fikU 
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Combining these two terms together, we arrive at 



hi 



fikfjl 

i + iv/l 2 



i a n\ _ 1 pijkl ( fikfjl filfjk ^ 

i4 - 2j ~ ^ ' [ l + iv/p j - 



Recall that 



L 2 = P t:jH Rijki, 



and invoke the expression of the curvature tensor in Lemma 14.11 we complete the proof of the 
lemma. □ 



Lam showed a similar result for the scalar curvature, which is the crucial observation in [35 1. 
See also the first paragraph of Section 7 below. 

Now we are ready to prove our main Theorem 11.41 

Proof of Theorem \1.4\ In view of Lemma 14.31 and the divergence theorem in (R n ,5), we derive 

m 2 = lim c 2 (n) / P ljkl dig jk n l dS r 

= c 2 (n) I di(PV kl d igjk )dV s 



C2{n) 
2 



L 2 dV s 



CB(n) f I 
where c 2 (n) = 2 (n-i)(n-2j(n-3)cj — i ana - ^ e ^ as ^ ec l uan ty holds due to the fact 



dV g = Vdet^ = y/1 + | V/| 2 dV s . 



5. Penrose inequality for graphs on R n 



□ 



In this section we investigate the Penrose inequality related to the GBC mass for the manifolds 
which can be realized as graphs over M. n . Let be a bounded open set in M. n and S = dCl. If 
/ : W n \ — > R is a smooth asymptotically flat function such that each connected component of 
{(x, f(x)) | x £ S} is in a level set of / and 

(5.1) |V/(x)|-»oo asrc^S, 

then the graph of /, (A4 n , g) = (R n \ J2, <5 + d/ ® d/), is an asymptotically flat manifold with 
an area horizon S. See Remark 15.11 below. Without loss of generality we may assume that 
{(x, f{x)) | x G £} is included in / _1 (0). In this case we can identify {(x, f{x)) \ x G X} with E. 
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On E, the outer unit normal vector induced by 5 is 



a i d Vf 

n = n — 



dx i |V/| 
Then 

n l = -tJ^jt and rii = 5ijn j = n\ 
|V/| 

As in the proof of Lemma 14.31 integrating by parts now gives 
m 2 = lim c 2 (n) / P^ kl dig jk riidS 

= / L 2 - 1 dV 9 -c 2 (n) [ P^d^ndSr 

' - ' " ] f L 2 - 1 IT7 dV g - c 2 {n) [ P i ^ kl (f lj f k + futfrndSr 



2 7a4« V^+Wf\ 

c 2 (n) /" L 2 



2 J M » y/T+WW 



dV g - c 2 (n) / P^hhmdSr 



where the last term in the third equality vanishes because of symmetry. From the definition of 
pijki together with the expression = Sij — we have 

P ijkl fjlfkni 



, nil f fjl ryjl f fi .l n fjjfi fijfj 

+H ^i + | V /|2 ni " K ™ " l + |V/|2 ni + 2 K ' 1 + IV/I 2 ' 
I + II + III + IV + V+ VI. 



Recall that we have assumed that E is in a level set of /. At any given point p £ E, we choose 
the coordinates such that {gfsv , gfn } denotes the tangential space of E and ^p- denotes 
the normal direction of E. To clarify the notations, in the following we will use the convention 
that the Latin letters stand for the index: 1, 2, • • • , n and the Greek letters stand for the index: 
2, • • • , n. Now the computations are all done at the given point p. It is easy to see that we have 

f a = and fa/3 = Aap\Vf\ = A a/3 \fx\, 

where A a p is the second fundamental form of the isometric embedding (E, h) into the Euclidean 
space R ra . In other words, h is the induced metric. Note that (S,/i) is also an isometric 
embedding from (E, h) into the graph. 
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Next, we calculate each term in P l ^ kl fjifk^i- The point in the computation is to distinguish 
the tangential direction and the normal direction carefully. 

/ = R^f a phn 1 = R laip A aP \h\h- {-£-:) 

\h\ 

II = ^(/ 1 ^ 1 -^).n 1 = (^/ lj ) T ^.(-A) 

f 2 

= ~ {Rl3flj \i+k)\hy 

-R^[(Ho\h\+ /n)/i- Tjfj*)]-* 1 
-^ n [(^o|/i|/i + A|)]-(-^ 



III = 



= Rll[H0fl + (ll%)\h\ )l 

IV = Rllfll rhi' nl = ~^ 1% (i + /Wir 

= (2^^ + ^ /3 / a/ 3-^ 11 /ii) (1+ ^ )|/i| 

= (2fl u / u + i^A* l/il - R 11 /!!) J* , 

11 + /lJI/ll 

T/r 1 nC-ffol/ll + /ll)/l - /ll/l / /l x 

F/ = ^ ^ 

Noting that II + IV cancels the first term of V and the second term in III cancels the third 
term in V we get 

P i]kl f 3 ifkUi = I + II + III + IV + V + VI 
(5.2) = -R^A a pf! + R ll H f! + R^A a p.-Jl^-- \rH q -_ Jl 



Similarly, for the embedding (S" - " 1 ,^) (.M ra ,g) we denote the outer unit normal vector 
induced by g by re, and the corresponding second fundamental form by A a p. Then a direct 
calculation gives 
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Remark 5.1. From the above formula we have the following equivalent statements, provided 
X C R n is strictly mean convex: 

• |V/| = co on X; 

• X is minimal, i.e., trA = 0; 

• X is totally geodesic, i.e., A = 0. 

Therefore X is an area-minimizing horizon if and only if |V/| = oo on X and i/ and onZy i/ X 
is totally geodesic. Hence |V/| = oo is a natural assumption. 

By the Gauss-Codazzi equation, 

where R m is the corresponding curvature tensor with respect to the induced metric h on X. On 
the other hand, we have 

Aa-y A/35 _ AaS A/3"/ 



which yields 



f 2 

i+/r 



2 



(5.3) = -Jj-^R a ^ 5 . 

1 + Ji 

Similarly, we have 



pa/3 A RtlPSg^ 

(5.4) = - (H Q A aP - AaryAyp) = - ^{j^ 2 R al3 , 



and 



(5.5) F 4 jf*^ = ^^^ m ~ A«pA a p) = 

We then go back to the equality (|5.2p . Noting the facts 

R afi = F al3 + R la113 • on = F a ? + i? lal/3 (l + /f), 

and 

R = F + 2fl u 0u = F + 2i? n (l + /f). 
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We compute 

P l3kl f 3 if k n % = -R la ^A aP fl + R ll H Q fl + R^A aP --^-\RH G -^ 

I 1 + Ji ) z 1 + Ji 

= -R^A^fl + R u H Q fi + [F^ + R^(l + f x )]A a p • 

v 1 + h ) 

-i[F + 2B"(l + /f)].H 0T ^ 

where we have used (|5.4p and (|5.5p . Therefore we conclude 

J P^fjlhn'dSr = J { ^ZQ* , 2 ?(R aP ~ \Rh aP )A aP dS. 
One can check that 

where -fTfc means the A;-th mean curvature, which is defined by the fc-th elementary symmetric 
function on the principal curvatures of the second fundamental form A. 
Making use of the assumption that |V/(x)| — > oo as x — > E, thus 

= f L 2 dV g -c 2 (n) [ PvMftJkrtdS 

2 J Mn ^1 + |V/| 2 9 V >h 3 

' =a% + c 2 (n) / (- ' r ■ 3H s dS 



where coin) = ^ — tw — ^ — ^ . 

^ v ' 2(n— l)(n— 2){n— 3)oj„_i 

To summarize, we have showed that 

Proposition 5.2. Let Q be a bounded open set in R n and E = dfl. If f : M. n \ U — > R is a 

smooth asymptotically flat function such that each connected component o//(E) is in a level set 
of f and |V/(x)| — > 00 as x — > E. Lei #3 denotes the 3-th mean curvature of E induced by 
Euclidean metric. Then 



Let Oj be connected components of Q,i = 1, • • • , and let Ej = d£li and assume that each 
£li is convex. The rest to show the Penrose inequality in the graph case is the same as the one 
in [35], that to use the Aleksandrov-Fenchel inequality [46] . 



GAUSS-BONNET-CHERN MASS 



19 



Lemma 5.3. Assume £ is a convex hypersurface in M. n . Let denote k-th elementary sym- 
metric function corresponding to the second fundamental form A with respect to the induced 
metric by 5 and area then 



<i\UJn-lJ 

On the other hand, it follows from the Gauss equation 2H2 = R. Hence the desired results 



Now we are ready to finish the proof of Penrose inequality. 

Proof of Theorem \1.6] In view of the Proposition 15.21 together with the Lemma 15.31 we have 
showed the first part of Theorem 11.61 To check that the metric (jl.3j) in the example 16.11 attains 
the equality in the Penrose- type inequality. First, it follows from the calculation of appendix 
that the Gauss-Bonnet curvature L% with respect to the metric (|1.3|) equals to 0. Then the 



horizon is {S po : p$ = 2m} which implies the right hand side of Penrose-type inequality is 




n — 4 



Proof. By the Aleksandrov-Fenchel inequality, we infer 




yields. 



□ 




n — 4 



RHS 



m 2 = 1x12- 



□ 



Remark 5.4. By the work of Guan-Li [27] one can reduce the assumption of convexity of S 
to the assumption that £ is of star-shape, H > 0, R > and H% is non-negative. See also the 
related work of [15] . 
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6. SCHWARDSCHILD METRICS 

Example 6.1. (A4 n = I x § n_1 ,g) with coordinates (p,9), a general Schwardschild metrics are 
given 

pk a 

where d@ 2 is the round metric in § n_1 , m 6 R is the 'total mass' of corresponding black hole 
solutions in the Lovelock gravity [37] . When k = 1 we recover the Schwarzschild solutions of the 
Einstein gravity. 



Motivated by the Schwarzschild solutions, the above metrics also have a form of conformally 
flat which is more convenient for computation. One can check that the corresponding coordinate 
transformation is as follows: 



(1 - + P 2 d® 2 = (1 + )^ (dr 2 + r 2 d9 2 ). 

For our purpose, in this paper we focus on the case k = 2, namely. 

2m 

p 2 2r 2 



<& h = (i - 43rr V + r2d@2 = a + ^)^> 



where (5 is the standard Euclidean metric, which was given in the Introduction. 

Next, we will study the correspondence between m and the Gauss-Bonnet mass rri2- 
Recall 

lim — / P ijkl d,q ik n l dS r 



where 



m 2 = run — — — ; f- Oig jk n 

r^oo 2(n - l)(n - 2)(n - 3)w n _i J Sr 

= hm — — — : / PukidiqikT^dSr 

r^oo2(n-l)(n-2)(n-3K_i Jo lJ " 1 



-fyfcZ = Rijkl + Rjk9il - RjlQik — Rik9jl + RiWjk + -^R{9ik9jl — 9il9jk)- 



For the simplicity of notation, we introduce the notation of the Kulkarmi-Nomizu product 
denoted by ®, then we have 

(A®B)(X,Y,Z,W) 
= A(X, Z)B{Y, W) - A(Y, Z)B(X, W) - A(X, W)B{Y, Z) + A(Y, W)B(X, Z), 



and the compressed expression 



P = Rm- Ric® 9 + ~R(g©g). 
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Suppose g = e~ 2u 5, a direct computation gives 

Rm = e - 2u (V 2 s u + du®du-^\V s u\ 2 5)©5 

(6.1) Ric = {n-2)(V 2 u + ^^(A s u)5 + du®du-\Vsu\ 2 ) 

R = e 2u (2(n- l)A 5 u- (n - l)(n- 2)\V s u\ 2 ). 

Then we compute 

p = R m - Ric © g + ^R{g © g) 

= Rm- e~ 2u Ric © 5 + ^e~ 4u R{5 © 6) 

(6.2) = (n-3)e^ 2u (-V|n + i(A (5 u)5-^(»du-^^|V ( 5n| 2 (5)®5. 
Namely, 

Pijki = (n-3)e~ 2u [ - u ik 5ji - Uji5 ik + uu6j k + u jk 5u + (u ss - n ^ u 2 )(5 ik 5ji - 5u5 jk ) 

-UiU k 5ji - UjUi5 ik + UiUi5 jk + UjU k 8u] . 
Since g = e~ 2u 5, we can get 

[ P ijkl d igjk nidS r = f P ijkl {d l e- 2u )5 lk n i dS T = j -2 e - 2u P ijjl u ini dS r . 

In the light of (|6.3p . we calculate the integral term: 

-2e- 2u P ijjl Ul 

= -2(n - 3)e 4u ui[-uu - u u + nu u + u ss 5u + (u ss — u 2 )(5u - n8u) 

-UiUi - um + num + u 2 5u] 
= -2{n - 2)(n - 3)e 4u ui[u a - u ss 5 a + um + U ^ u 2 5u]. 

The special case that (M n ,g) is asymptotically flat manifold and conformally flat with 
smooth spherically symmetric function, namely, g = e~ 2u ^S. 
Denote the radial derivative of u by u r = and we have 



(6.3) Ui = u r 



dr ' 

X i 

r 



(6 A) u - = u ■ + u ( ^ - 

which yields 

Tl — 1 

(6.5) ua = u„ H u r . 
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Then it follows from (|63 ]) .([6~4" ]) and ([63]) that 



2 e - 2u P i " l uin i dS 



2(n - 2)(n - 3)e u ui(-uu + u ss 5u - um 



u s dii) ■ —dS 
2 r 



S r 



nf n\l n\ Au X\Xi r X{X\ /"il X{Xl 

2{n — 2)(n — 3)e u r — ^~ ■ [ — u. 



rr 2 



Ur(- 



Tl — 1 

) + (u rr -\ U r )5u 



„2 U r 



Su] dS 



n — 1 



n — 3 



/ \ / \ 47/ T Uy Uby It X O IV l) 21 i n 

2(n — 2) (n — 3)u r e [ — u rr 1 h u rr H u r - — m„ \ db 



= [ 2{n - 1) (n - 2) (n - 3)e 4tt • - d5. 
7s r r 2 

In particular, for the metric (II, 3p in Example 16.11 



-2 a 



m . _8_ 
2r 2 z 



namely, 



and then 



4 ?Ti 

n = -log(l + n_J , 

n — 4 2r 2 2 



m 



n 



n-4 1 + — ^ 



1 + -^ 



2r?~ 



1— - 

-r 2 . 



• (2 
2 v 2 



r 2 



2r7" 



Therefore, 



/ 2(n - l)(n - 2)(n - 3)e 4u • f — - ~u21 dS 
Js r 2 



777. -16 

2(n-l)(n-2)(n-3) • (l + — 5— )^ 
S r 2r2 



m 



,1-n 



1 m J 



TO s |2 



(1+ „ , 

v 2r 2" 2 



2(1 + ^) 3 

v 2r 2" 2 ' 



m „ -2(n+4) 



2(n - l)(n - 2)(n - 3)(1 + -^35)^^" • m 2 r L - n dS 



2rz' 

m . -4-3ra 



(n - l)(n - 2)(n - 3)(1 + -^37)^^ • m 6 r 6 ~i n dS. 
S r 2r2 
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When n > 5, the last term approaches as r — > oo. Therefore 

lim / Tt TT7 ^7 «\ P ijkl d l g jk n i dS r 

r->oaJ Sr 2(n - l)(n - 2)(n - 3)w n _i 

f 1 771 -2(n + 4) _ 

= li m / + . m 2 r l-n d5r 

r ->°° J S r u n-l 2r2~ 2 
= to 2 , 

where w n _i is the volume of S\ with the induced metric of standard Euclidean metric. Therefore 
the GBC mass m,2 of the metric (jl.3j) is exactly m 2 as claimed. 

One interesting byproduct of the above computation is the following 

Proposition 6.2. Suppose (A4 n ,g), (n > 5) is asymptotically flat with decay order r > and 
(A4 n ,g) is spherically symmetric i.e. g = e~ 2u ( r '5, then 

m.2 = lim / —dS r > 0. 

r^oo w n _i J Sr r 

Proof. By the above calculation, we have 

m2 = l im _J_ / e 4u(!^ _ l u l)dS r . 
r~>oo uj n _ x J Sr r 2 

We claim that under the assumption of the decay order, the second term vanishes as r — > oo. In 
fact, since (Ai n ,g = e~ 2u ^5) is asymptotically flat with decay order r, we have u r = 0(r _1_T ) 
and u = 0(r~ T ). Combining with the condition of decay order r > we thus get 

u r = o[r 3 j, 

which yields the second integral vanishes as as r — > oo. Moreover, e 4u = 1 + o(l). Finally, the 
desired result yields. □ 

Remark 6.3. By this lemma and the previous positive mass theorem for graphs, there are no 
spherically symmetric asymptotically flat smooth functions on M n whose graphs have negative 
Gauss-Bonnet curvature L2 everywhere. 

Remark 6.4. Under the same condition of Proposition \6.2l a direct computation gives the 
ADM total mass 

mADM = hm — — / (gij i - gu j) ■ n j dS r 

r->oo 2(n - l)u n -i J Sr 



1 

r->oo w n _i J Si 



lim / e 2u u r dS r . 



Thus if the manifold is asymptotically flat with decay order r > IL ^ L and (M. n ,g) is spherically 
symmetric that g = e~ 2u ^5, unlike our case the ADM mass is not always nonnegative. 

Remark 6.5. It is well-known that the Schwarzschild metric has zero scalar curvature and in 
the view of analogy, the Gauss-Bonnet curvature L2 with respect to the metric U.3\) is 0. One 
can check from the above calculation. Moreover, the metrics in Example \6.1\ can be realized as 
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a graph with the induced metric from the Euclidean space R n+1 . For example, when n = 5, the 
metric \1.3\ 

(M 5 ,g) = {R 5 \{0},{l + ^ r ) 8 g R5 ) 

can be isometrically embedded as a rotating parabola in {(xi, X2, £3, X4, £5,10) C R 6 }. The outer 
end of metric \1.3\) containing the infinity is the graph of the spherically symmetric function 

/ :C I 5 \ -B 4m 2(0) — > R given by f(r) = 2r 2 \J 8m(r 2 — 2m) — ^[8m(r2 — 2m)]% , where r = 
\(x 1 ,x 2 ,x 3 ,x i ,x 5 )\. 

Lemma 6.6. Assume (A4 n ,g), (n > 5) a n-dimensional submanifold in R n+1 . Then 

L 2 = 24F 4 :=24 Yl A * A i A ^' 

i<j<k<l 

where (Ai, • • • , A n ) is the set of eigenvalues of the second fundamental form A. 
Proof. We recall the Gauss equation 

Thus the desired result yields from direct calculations. □ 

Proposition 6.7. Let f : R ra -fifed smooth radial function in Definition 11,31 Then the 
second fundamental form A has n — 1 eiqenvalues — f r and one eiqenvalue — , ^ rr Hence 



(n-1)! tf ; (n-1)! 



L 2 = 2A[ -± ' , ' r ^ + 



rr 



(n-5)!4!r 4 (l + / r 2 ) 2 (n - 4)!3! r 3 (l + /, 

1 f r n ~ 4 f 4 (r) 
m 2 = lim _L_ / I ZrAli > 0. 



2\3 



so that 

m 2 = 

r->+oo W n -l J Sr 

7. Generalization, Problems and conjectures 

First of all, we can generalize our results to k < n/2. In the definition of the GBC mass, 
the proof of its geometric invariance and in the proof of the positive mass theorem for graphs 
over R n one can see that the crucial things are the divergence free and the symmetry (and also 
anti-symmetry) of the tensor P. Hence, with a completely same argument, we can define a mass 
for Lfc-curvature for any k < n/2. For general L^-curvature the corresponding curvature is 

f7l\ p Stlm J_ clim— *2fc-3*2fc-2S* p. . j\h . . D. hk-ihk-2 n hk~\l n j2k™. 

We can define a mass for 1 < k < n/2 by 

(7.2) m k = lim / P^ ml d igjm nidS r , 

with a dimensional constant c k (n) > 0. This constant can be decided by computing Example 
5.1 such that the mass m k = m k . Remark that for even k, the Gauss-Bonnet-Chern mass m k of 
the metric <7g ch is positive even for negative m. One can check that P k has the same property 
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of divergence free and the same symmetry (and also anti-symmetry) as the tensor P. It is clear 
that P 2 = P and since R = \{g u g jm - g im g jl )Riji m 

If we use this tensor P\ to define a mass, it is just the ADM mass, with a slightly different, and 
certainly equivalent form 



— lim Ug ik &gik- g jk d i g jk )n i dS r . 

l)Wn-l r-toaj 



2(n — l)ui n -i r-»oo _ 

However, it is interesting to see that with this form one can directly compute to obtain for the 
AMD mass mi that 

1 f 1 

mi = —, ; lim / — „,„ ( fu f; — fijfi)vjdS r 

without using a trick in the proof of Theorem 5 in by adding a factor 1/(1 + |V/| 2 ). This 
is the reason why we need not use this trick in our proof of Theorem 11.41 



With the same crucial property of -P&> we can show the positive mass theorem and the Penrose 
inequality for m& in the case of graphs, provided that the decay order satisfies 

n - 2k 



Moreover, using the Gauss-Bonnet curvature L 2 (and also (k < n/2)) we can also introduce 
a GBC mass m 2 for asymptotic hyperbolic manifolds in |28| . The study of the ADM mass for 
asymptotic hyperbolic manifolds was initiated by X. Wang [55] and Chrusciel-Herzlich [7J. See 
also [59]. There are many interesting generalizations. Here we just mention the recent work of 
Dahl-Gicquaud-Sakovich [16| and Lima-Girao [20] for asymptotic hyperbolic graphs. In |28] we 
obtained a positive mass theorem for for asymptotic hyperbolic graphs if L 2 (g) < -^(step 1 ); 
where gu n is the standard hyperbolic metric. A Penrose type inequality was also obtained. 

There are many interesting problems we would like to consider for the new mass. 

First all, it would be an interesting problem to consider the relationship between the Gauss- 
Bonnet-Chern mass and the Gauss-Bonnet-Chern theorem. The mass defined in Defintion 11.11 
can be also defined for n = 4. In this case, the decay order f j 1 . 4 1) needs 

r > 0. 

However, this decay condition forces the rri2 mass vanishing. Nevertheless, it is interesting to 
use it to consider asymptotically cones in dimension 4. There are interesting results about the 
Gauss-Bonnet-Chern theorem on higher dimensional, noncompact manifolds using Q-curvature 
initiated by Chang-Qing-Yang |14j . 

It would be interesting to ask if Theorem 11.41 is true for general asymptotically flat manifolds 

Problem 1. Is the GBC mass m 2 nonnegative for an asymptotically flat manifold with r > 
and L 2 (g) > 0. 
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We conjecture that this is true, at least under an additional condition that the scalar curvature 
R is nonnegative. The Schwarzschild metric (|1.3j) has L2 = and R > 0. It would be already 
interesting if one can show its nonnegativity for locally conformally flat manifolds. We can 
generalize Theorem ll.4l to show the nonnegativity of 771,2 for a class of hypersurfaces in a manifold 
with a certain product structure. This is related to the recent work of Lima [18] and [32] for 
the AMD mass. This, together with a positivity result for conformal flat metrics in K m , will be 
presented in a forthcoming paper [29J. 

The GBC mass 7712 is closely related to the Yamabe problem. With a suitable definition of 
the Green function for the Yamabe problem one would like to ask the existence of the Green 
function and its expansion. The leading term of the regular part in the expansion of the Green 
function should closely related to the mass 7772. The metric (jl.3p does provide such an example. 
For the relationship between the ADM mass, the expansion of the ordinary Green function and 
the resolution of the ordinary Yamabe problem, see [17] and |41j . 



Problem 2. Is there the rigidity result? 



Namely, is it true if the 7772 = 0, then M = K n ? Proposition 6.2 and Proposition 6.7 show 
that the rigidity holds for two (very) specially classes of manifolds, one is the class of spherically 
symmetry and conformally flat manifolds and another spherically symmetry graph. For these 
two classes of manifolds the mass vanishes implies that the manifold is isometric to the Euclidean 
space. Therefore, It is natural to conjecture that the rigidity holds, at least under additional 
condition that its scalar curvature is nonnegative. This is a difficult problem, even in the case 
of the asymptotically graphs. In this case, it is in fact a Bernstein type problem. Namely, is 
there a non-constant function satisfying 

(7.3) 2L 2 = P ilkl ■ { f */'l7 v f ft jk ) = °> 

under the decay conditions given in Definition 11.31 ? For the related results on the rigidity of the 
AMD mass for graphs, see [32] and |19j . 

Problem 3. Does Penrose inequality for the GBC mass holds on general asymptotically flat 
manifolds? 

Theorem 11.61 provides 3 inequalities. Two of them involve only intrinsic invariants, which we 
consider as the generalized forms of ordinary Penrose inequality |33] and [5]. Comparing the 
ordinary Penrose inequality, we conjecture 



777 2 > 



77 — 4 

If |E| \ h=i 



4 V^n-l 

if £ is an area outer minimizing horizon and 

"72> T ( 



4V(n-l)(n-2)w n _i 
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if X is an outer minimizing horizon for the functional 




whose Euler-Lagrange equation is 

EjjBij = 0. 

Here E 1 is the ordinary Einstein tensor. For (k < n/2), one should have k inequalities 
relating with 



These functionals were considered in [38j and [34]. Note that L\ = R. 
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